Numerické riesenie linedrnej sustavy Mgr. Pavol ORSANSKY, PhD.

8 Numerické rieSenie linedrnej sistavy

Priklad 1 Ndjdime LU rozklad matice

3 1 6
A= -6 0 -16
0 8 -—17
Hladdme obvyklym spdosobom
3 1 6 1 0 0
Ur=10 ... ... L= 1 0
0 1
3 1 6
-6 0 -16 —(-2)-1I
0 8 -—17 0-1
31 6 1 0 O
uUr=|(0 2 -4 L= -2 1 0
0 8 -—-17 0 1
3 1 6
0 2 -4
0 8 —17 —(4)-1I
31 6 1 0 0
U= 0 2 —4 L= -2 1 0
0 0 -1 0 4 1
A plat?
1 0 0 3 1 6 3 1 6
L-U=|-21 0] 0 2 —4]|]=] -6 0 —16
0 4 1 0 0 -1 0 8 -—-17

Priklad 2 Ndjdime LU rozklad matice

8§ —6 2
A= -6 7 -4
2 -4 3

Rozklad hladdme pomocou elementdrnych riadkovijch operdcii upravou na
hornotrojuholnikovy tvar

§ —6 2 10 0
Ur=|( 0 L= 1 0
0 1
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8§ —6 2
-6 7 —4 —(—% I=—(=3)1
2 -4 3 —(3)-I=—(3)-1
8 —6 2 1 0 0
Us=1| 0 35 —53 L= —13 1
0 -2 3 i 1
8 —6 2
0 32 _5
2 2
0o -2 2 —(=1)-1I
8§ —6 2 1 0 0
u=(o 3 -2 L= -2 1 0
0 0 0 ;i —11
A teda naozaj plati
1 0 0 8 —6 2 8§ —6 2
L-U=[-% 1 0 0o 5 -5 )=-6 7 -4
o1 0 0 0 2 -4 3

1

Priklad 3 Ndjdime LU rozklad matice

1 2
A=1 45
7 8

O O W

Horno trojuholnikovi maticu U a dolnotrojuhoknikovi maticu L si pred-
pripravime

1 2 3 1 0 0
Ur=1| o L= 1 0
0 1
1 2 3
456 | —4)-1
78 9) —(1)-1I
1 2 3 1 0 0
U= 0 -3 -6 L=[4 1 o
0 —6 —12 7 1
1 2 3
0 -3 —6
0 -6 —12 ) —(2)-II
1 2 3 100
vU=[o0 -3 -6 L=[4 10
0 0 0 72 1
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A teda plati

1 0 0 1 2 3 1 2 3
L-U=|410|-{0 -3 —6]=|456
7T 2 1 0 0 0 7 8 9

Priklad 4 Ndjdime Choleskyho rozklad matice

4 12 —16
A= 12 37 —43
-16 —43 98

Provky matice hladdme pomocou vztahov

7j—1
a; ;i — 2 i=1,2 n
J,J J7k7 .j b AR ] b
k=1

—1

1 ] . . .

lij = ljj~<ai,j—21i,k-lj,k> i=j+1,5+2,...,n
’ k=1

A teda zrejme plati

hipn = lj,j =Va1,1 = \/41 =2,

lop = lij= 0;1211 = % =0,

lao = lj,jz\/az,zi—lg)l:\/W:\/m:ﬂzl,
lsp = lij= % = _716 = -8,

lsg = li;= 1212 (a2 —l31-121) = M =5,

l3,3 = lj,j = \/a3,3 - (131 + l§,2) = \/98 — ((—8)2 + 52) = \/§ = 3.

Choleskyho rozklad matice A je

2 0 0 2 6 -8 4 12 —16
L- LT = 6 1 0 01 5 = 12 37 —43
-8 5 3 00 3 —-16 —43 98

Priklad 5 Ndjdime Choleskyho rozklad matice

25 15 =5
A= 15 18 0
-5 0 11
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VyuZijeme vztahy

le ji=1,2,...,n,
li,j = '(al,j lek: l]k) Z=]+1,j+2,,n,
37

hap = lj;=va11=Vv25=5,
1 15

log = li;= 17 (ag,1) = = = =3,
lho = =\Jaz2 — 13, = \/18 32 =9 =3,
l3n = ZJZﬁ (asq) = ?Z— ;
1 1
l3p = lij= e (ago —l31-121) = 3 (0—=(-1)-3) =1,

I3z = 1j; = \/a3,3 — (31118, = \/11 B ((71)2 + 12) =3

Zregme plati

5 0 0 5 3 —1 25 15 —5
L- LT = 3 3010 3 1 = 15 18 0
-1 1 3 00 3 -5 0 11

Priklad 6 Ndjdime Choleskyho rozklad matice

1 -1 2
A= -1 5 —4
2 -4 6

j—1

am—Zlik, j:1,2,...,n,

k=1

ll,_} = ljj'<a‘hj lek l_},)v l:j+17.7+27an
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A teda
ha = ly=ya=vi=1,
lba = bL;= 1111 (az,1) = _Tl = -1,
o = ljj=1|az2—15,= 5— (-1 =Vi=2,
13,1 = li,j = l111 : ((13,1) = % =2,
o = lij=p— las2—ls1-1) = % (—4=-2-(-1)=-1,

)

l373 = lj7j = \/a3,3 — (l%l + l%g) = \/6 — (22 + (—1)2> = \/I =1.

Cize dolno trojuholnikovd matica je

1 0 0
L= -1 2 o
2 -1 1
a plati
1 0 0 1 -1 2 1 -1 2
L-ILT=| -1 2 o0 0 2 -1 1]=| -1 5 -4
2 -1 1 0 0 1 2 -4 6

Priklad 7 Ndjdime Choleskyho rozklad matice

1 -1 2
A= -1 5 —4
2 -4 6

Proky matice hladdme pomocou vztahov

j—1
— E 2 g
lj’j = aj.5 — lj,k’ ] = 1,2,...,7’7,,
k=1

-1
1 X o
li’j = l,.<ai’j_zli’k.lj’k>’ Z:j+1,]—|—2,...,n.
k=1

353
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A teda
ha = ;= \/@j,j =Vi=1,
-1
lry = l,ng (a2,1) = 7:_
l2,2 == ,j—\/ 21— - \[—2,
l3,1 = lz,g = E (GB 1) 1 =2,
1 1 —2
ls2 = lij= b (az —I3,1-121) = 3 (—4-2-(-1) = 5 = -1
l373 = \/a3,3 — (l%l + l§72) = \/6 — (22 + (—1)2) = \/I =1.
A naozaj plati
1 0 O 1 -1 2 1 -1 2
L-L'=| -1 2 0 0 2 -1 |=| -1 5 -4
2 -1 1 0 O 1 2 -4 6

Priklad 8 Jacobiho a Gaussovou-Seidelovou metddou s presnostou € = 0.01
riesme sustavu

5.’E1 + o + 2.@5 = ].,
X1 + 4LE2 + T3 = 2,
2x1 + 2xo0 + bx3

Matica siustavy

DN = Ot
SO gy
U= DN

je riadkovo diagondlne dominantnd

51 > [t +]2],
4l > [+ 1],
51 > [2[+12],

a preto bude iteracnd postupnost’

x&kﬂ) = (1 — xék) — 2a:gk)) /5,
R NN
x:(,,kﬂ) = (3 - ngk) - 23:ék)> /5,
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bude konvergovat' k presnému rieseniu pre akikolvek lubovolni pociatocnii aproz-

T
imdciu (aj napr. x(© = (xgo),méo),xg])> = (0,0,0)")

‘ xgk) :Cgk) ng(’)k)

0.0000 0.0000 0.0000
0.2000 0.5000 0.6000
—0.1400 0.3000 0.3200
0.0120 0.4550  0.5360
—0.1054 0.3630 0.4132
—0.0379 0.4230 0.4970
—0.0834 0.3852 0.4459
—0.0554 0.4094 0.4793
—0.0736 0.3940 0.4584
—0.0622 0.4038 0.4718
—0.0695 0.3976 0.4634

= O 00 g0 Ul WK~ O

o

Nakolko plati
‘x(l“’) - xgmy = |—0.0695 + 0.0622| = 0.0073 < 0.01 =€,
\xgm - xgn\ —  ]0.3976 — 0.4038| = 0.0062 < 0.01 = ¢,
\xg}m - xg?)\ — ]0.4634 — 0.4718| = 0.0084 < 0.01 = ¢,
a teda priblizné riesenie je
0.07
x10 = | 0.40
0.46

Tteraénd postupnost’ Gaussovej-Seideolovej metddy je

xgkﬂ) = (1 - :rék) — 2x§k)) /5,
xéml) _ (2 _ $gk+1) . xgk)) /4’
xékﬂ) = (3 — 2m§k+1) — 2xgk+1)) /5,

a pre 4 istd pociatocni aproximdciu mame
(k) (k) (k)
‘ 1 Lo Z3

0.0000 0.0000 0.0000
0.2000 0.4500 0.3400
—0.0260 0.4215 0.4418
—0.0610 0.4048 0.4625
—0.0660 0.4009 0.4660

=W N = Ol
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a kedze plat?

\mg@ - zf’)’ = |-0.0660 + 0.0610] = 0.0050 < 0.01 = ¢,
‘xg“) - x§3>’ — ]0.4009 — 0.4048 = 0.0039 < 0.01 = ¢,
‘xg‘*) - xg3>’ = ]0.4660 — 0.4625| = 0.0035 < 0.01 = ¢,
priblizné riesenie je
0.07
x® = | 0.40
0.47

Priklad 9 Jacobiho a Gaussovou-Seidelovou metddou s presnostou € = 0.01
rieSme sustavu

9x1 + 229 + 43 = 20,
z1 + 1022 + 423 = 6,
2rx1 — 4xo + 1023 = —15.
Matica sistavy
9 2 4
1 10 4
2 —4 10

je riadkovo diagonjdlne dominantnd, kedze plati
9 > 2]+ 4],
[10] > [1]+ 4],

10l > [2[+[-4],

a teda iteracnd postupnost’ Jacobiho metddy

xgkﬂ) = (20 — 2x§k> - 433&16)) /9,
:cék'H) = (6 — mgk) - 4xgk)) /10,
A = (<15 - 2009 42V 10

konverguje pre lubovovolni potiatoenit aprozimaciu, ¢ize i pre x(0) = (0.0000, 0.0000, O.OOOO)T.

Vysledky zapiseme do tabulky

k ‘ xgk) xék) x:(,,k)

0 | 0.0000 0.0000 0.0000

1| 2.2222 0.6000 —1.5000
2 | 2.7556 0.9778 —1.7044
3 ] 2.7625 1.0062 —1.6600
4 | 27364 0.9878 —1.6500
5 1 2.7361 0.9864 —1.6522
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Iteracni postupnost ukoncime, nakolko plati

( — ‘ —  |2.7361 — 2.7364 = 0.0003 < 0.01 = ¢,
(x — 2§ ’ —  ]0.9864 — 0.9878 = 0.0014 < 0.01 = ¢,
( e ’ —  |-1.6522 + 1.6500] = 0.0022 < 0.01 = ¢

a za priblizné riesenie povaZujeme

2.74
x® = 0.99
—~1.65

A iteratnd postupnost Gaussovej-Seidelovej metddy

gD (20 — 22" — 4 ) /9,
xékﬂ) = (6 — :ngﬂ) — 4x§k)) /10,
A = (15— 200D 4 42 10

konverguje pre lubovovolni potiatoént aprozimaciu, ize i pre x(0) = (0.0000, 0.0000, O.OOOO)T.
Vysledky zapiseme do tabulky

(k) (k) (k)

k| xy ) T

0 [ 0.0000 0.0000 0.0000

1] 22222 03778 —1.7933

2 | 2.9353 1.0238 —1.6775

3| 27403 0.9970 —1.6493

4] 27337 09863 —1.6522

5| 27373 09871 —1.6526

nakolko plati

( — ‘ —  |2.7373 — 2.7337) = 0.0036 < 0.01 = ¢,
( QMO ’ — [0.9871 — 0.9863 = 0.0008 < 0.01 = ¢,
o —af"] = |-1.6526 + 1.6522] = 0.0004 < 0.01 = £

a za priblizné rieSenie povaZujeme

2.74
x(®) = 0.99
—~1.65
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Priklad 10 Jacobiho a Gaussovou-Seidelovou

rie§me sustavu

9.’,E1 + Zro + T3
2x1 + 10xo + 323
3x1 4+ 4xo 4+ 11x3

Overime, ¢i je matica sustavy

= 10,
19,
= 0.

metddou s presnostou € = 0.01

9 1 1
2 10 3
3 4 11
diagondlne (riadkovo) dominantnd
9 > [f+1],
[10] > [2]+ 3],
11| > 3|+ [4].
Nakolko je matica diag. dominantnd, bude aj iteratnd postupnost’ Jacobiho
metddy
zgk-’_l) = (10 — I’ék) — x;k)) /9,
20D (19 o - 3:5;'“)) /10,
oFHD = (0 — 32" — 41'(;)) /11,

bude konvergovat’ pre lubovolni pociatoéni aproximdciu, teda aj pre x

(0.0000, 0.0000, O.OOOO)T a postupné vysledky zaipiseme do tabulky

(k)

(k)

(k)

k| z Ty T
0 | 0.0000 0.0000 0.0000
1] 1.1111 1.9000 0.0000
21 0.9000 1.6778 —0.9939
3| 1.0351 2.0182 —0.8556
4109819 19496 —1.0162
5 | 1.0074 2.0085 —0.9768
6 | 0.9965 1.9915 —1.0051
7 | 1.0015 2.0022 —0.9960
8 109993 1.9985 —1.0012
Kedze plati
® M
1T h 10.9993 — 1.0015|
max 213(28) - m(;) = max |1.9985 — 2.0022]
® ™ |—1.0012 + 0.9960
T3 — T3

0.0022
0.0037
0.0052

0 _

< 0.0l =¢,

10
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za priblizné riesenie povaZujeme vektor

1.00
x(8) = 2.00
~1.00

Tteraénd postupnost’ Gauss-Seidelovej metddy

mgkﬂ) = (10 - x;k) - x(;)) /9,
20D (19 ~oz{ttD 33:5,’“)) /10,
xz())k+1) _ (0 _ 3x§k+1) _ 4$ék+1)) /117
a opdt
(k) (k) (k)

k ‘ Ty Ty T

0 | 0.0000 0.0000 0.0000

1| 11111 1.6778 —0.9131

2 1 1.0262 1.9687 —0.9958

3 | 1.0030 1.9981 —1.0001

4 | 1.0002 2.0000 —1.0001

Kedze plati

.7}(4) o 1‘(3)
Lo 11.0002 — 1.0030| 0.0028
max | |zy —ay | | =max| [2.0000—1.9981] | =max| 0.0019 | <0.01 =¢,
w  ® |—1.0001 -+ 1.0001| 0.0000
T3 — I3

za priblizné riesenie povaZujeme vektor

1.00
x4 = 2.00
~1.00

11



