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12 Numerické riesenie ODR - Cauchyho pocia-
to¢na uloha
Priklad 1 Riesme Cauchyho pociatoéni tilohu

2
) oxt —y
==

9

s pociatotnou podmienkou

s krokom h = 0.2 na intervale [0,1]:
a) Fulerovou metédou (metdda Rungeho-Kutta 1. radu),
b) modifikovanou Eulerovou metédou (metdda Rungeho-Kutta 2. rdadu),

c) metdédou Rungeho-Kutta 4. rdadu.

a) Prexg=0,y=1,h=02aF(z,y) = i ] vypotitame podla vztahu

eTityi

523 — yi

Yirr =Y +h- F(z,y:) =y, +02- oty

prei=0,1,2,3,4,5. Viysledky zapiseme do tabulky

i |lo 1 2 3 4 5
w; || 0.0000 0.2000 0.4000 0.6000 0.8000 1.0000
yi || 1.0000 0.9264 0.8793 0.8749 0.9172 0.9992

b) PouZijeme prvi modifikovani Eulerovu metddu

kv = F(z,y),

by = F(xi+1h,yi+1h~k1),
2 2

Yiv1 = Yi+h-ka.

prei=0,1,2,3,4,5. Vysledky zapiseme do tabulky

7 0 1 2 3 4 )

z; || 0.0000 0.2000 0.4000 0.6000 0.8000 1.0000
ki || —0.3679 —0.2364 —0.0295 0.1899 0.3720

ky || —0.3154 —0.1377 0.0842 0.2904  0.4433

yi || 1.0000 0.9369 0.9094 0.9262 0.9843 1.0730

a pouZitim druhej modifikovanej Eulerovej metddy

kl = F(xiayi)7
ka = F(zi+hyi+h k),
1
Yirl = Yit+ §h' (k1 + k2) .
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prei=0,1,2,3,4,5.

Vysledky zapiseme do tabulky

i 0 1 2 3 4 5
z; || 0.0000 0.2000 0.4000 0.6000 0.8000 1.0000
k1 || —0.3679 —0.2366 —0.0305 0.1883 0.3705
ke || —0.2355 —0.0254 0.1977 0.3810 0.5014
y; || 1.0000 0.9397 0.9135 0.9302 0.9871 1.0743
c) Vztah pre metédu Rungeho-Kutta 4. radu je
kl = F (xia yz) )
1 1
k2 = F(zz+2h7yz+2hkl)7
1 1
ks = F($i+2h7yi+2h~k2),
k4 = F(xz+h7yz+hk3)7
1
Yir1 = Vi+ gh (k1 4 2kg + 2k3 + ky)
prei=0,1,2,3,4,5. Vysledky zapiseme do tabulky

i 0 1 2 3 4 5
z; || 0.0000 0.2000 0.4000 0.6000 0.8000 1.0000
ki || —0.3679 —0.2365 —0.0298 0.1897 0.3723
ks || —0.3154 —0.1378 0.0838 0.2902 0.4436
ks || —0.3155 —0.1394 0.0801 0.2853 0.4394
ky || —0.2364 —0.0297 0.1898 0.3723  0.4949
y; || 1.0000 0.9378 0.9104 0.9267 0.9838 1.0716

Priklad 2 Metédou Rungeho-Kutta 4. rddu riesme sistavu

Y,

—x — 2 +1,
—z—el +1,

s krokom h = 0.1 na intervale t € [0,1] s pociatotngmi podmienkams

Zrejme mame
F (tv z,Y, Z)

F2 (t7m7yvz)
FS (t7x7y7z)

)

0,

Y,
—x — 2" + 1,
—x —el +1,
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a teda pre priblizné rieSenie metddy Rungeho-Kutta 4. ridu bude platit
kv = Fi(ti, v,y 2) = yi,
ll F2 (ti,xi,yi,zi) = —Z; —2eti +17
mi = F3 (ti,LEi,yi,Zi) = 717,;76“ +1,

h h
ll,Zz—F

h
i+ ki, Yy + 5

ky = F +§7

2
ti—l—ﬁx‘%—h hhz—&—
2772 o
h
2

lo = F 5

klvyz mi

2
h
2
=,z + hml

Sk, v
17y 2 2

2

h
t; + =la, 2z + —mo

k2, i
27:'-/ 9 9

h
2
h
ka2, y;
227y

212,2’2 + 2m2

(
(
my = Fj (ti—l—h,xi—k
(
(

> l\J\b‘ l\')\@‘

h h
57%‘ + §k27yz 212,21 + 2m2

V\_/\_/ \_/vv

m3 = Fj <ti+

ks = Fi(ti+hxi+h-ks,yi +h-ls3, 2z +h-m3),
ls. = Fo(ti+hzi+h-ks,yi+h-lsg,z+h-mg),
my = F5@;+hzi+h-ks,yi+h-l3,z+h-ms),

1
Tit1 = xz"‘gh (k‘l +2k‘2+2k‘3+k‘4),

1
Yyl = Ui+ éh' (I + 212 4 2l3 + 14) ,

1
Ziv1 = Zi+ éh (m1 +2m2—|—2m3+m4).
Riesenie zapiseme do tabulky

t T Yi Zi
0.0000 | 1.0000 0.0000 1.0000
0.1000 | 0.9897 —0.2100 0.8952
0.2000 | 0.9573 —0.4400 0.7814
0.3000 | 0.9010 —0.6900 0.6598
0.4000 | 0.8187 —0.9602 0.5316
0.5000 | 0.7083 —1.2506 0.3982
0.6000 | 0.5679 —1.5614 0.2607
0.7000 | 0.3953 —1.8931 0.1206
0.8000 | 0.1885 —2.2462 —0.0206
0.9000 | —0.0547 —-2.6213 —-0.1617
1.0000 | —0.3365 —3.0194 —0.3012
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Priklad 3 Riesme Cauchyho pociatoéni tilohu urcend diferencidlnou rovnicou

y/ + 2y — xSe—QI’

s pociatotnou podmienkou
y(0) =1,

s krokom h = 0.2 na intervale [0,1]:
a) Eulerovou metddou (metéda Rungeho-Kutta 1. rddu),
b) modifikovanou Eulerovou metddou (metéda Rungeho-Kutta 2. rddu),
c) metdédou Rungeho-Kutta 4. rdadu.
a) Urtujicou funkciou pre zadand Cauchyho potiatotni wlohu je zrejme
y =F(x,y) = 2y + x3e ",
Vztah pre Eulerovu metddu je
Yir1 =i+ hF(zi,y:) =y + 0.2+ (=2y; + afe ),

a pre siet’ uzlovgch bodov x; = {0,0.2,0.4,0.6,0.8,1} wypocitané odhady
rieSenia zapiSeme do tabulky

i | o 1 2 3 4 5
z; [ 0.0 0.2 0.4 0.6 0.8 1.0
yi || 1.0000 0.6000 0.3611 0.2224 0.1464 0.1085

b) Prvd modifikovand Eulerova metdda je uréend vztahom

ki = F(xi,yi),
ko = F($i+1h,yi+1h~k1),
2 2
Yivr1r = Yit+h-ko

a priebezbné ako aj celkové vysledky opdt’ zapiseme do tabulky

i | o 1 2 3 4 5
z; || 0.0 0.2 0.4 0.6 0.8 1.0
ki || —2 —1.3550 —0.9018 —0.5838 —0.3665

ko || 1.5992 —-1.0745 —0.7042 —0.4475 —0.2760
yi || 1.0000 0.6802 0.4653 0.3244 0.2349 0.1797

a druhd modifikovand Eulerova metdda je urcend vztahom

kl = F(xmyz)v
kg = F(m1+h,y,+hk1),
1
Yirr = ¥itgh (k1 + k2)
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a opdt vysledky zapiseme do tabulky

i |lo 1 2 3 4 5

z; || 0.0 0.2 0.4 0.6 0.8 1.0

ki | —2.0000 —1.3557 —0.9032 —0.5851 —0.3672

ky | —1.1946 —0.7900 —0.5056 —0.3128 —0.1884

yi || 1.0000  0.6805  0.4660  0.3251  0.2353  0.1797

c) Metéda Rungeho-Kutta 4. rddu

k1 F(2i,yi) ,
ky = F(zi+1h,yi+1h~k1)
2 2
ks = F(mi+1h,yi+1h~k2)
2 2
ks = F(zi+hy+h-ks),
Yi+1 = Yi+ éh . (]{:1 + 2ko + 2ks + ky) .

vysledky si v tabulke

7 0 1 2 3 4 5

z; || 0.0 0.2 0.4 0.6 0.8 1.0

ki || —2.0000 —1.3360 —0.8759 —0.5571 —0.3420

ko || —1.5992 —1.0593 —0.6835 —0.4261 —0.2564

ks || —1.6793 —1.1147 —-0.7219 —0.4523 —0.2735

ky || —1.3229 —-0.8667 —0.5508 —0.3378 —0.2006

y; || 1.0000 0.6707 0.4523 0.3111 0.2227 0.1693

Priklad 4 Metédou Rungeho-Kutta riesme

y'=(1-9") -y -y,

s pociatotnymi podmienkams

y(0) = 2
y' (0) = 0,

s krokom h = 0.1 na intervale [0,0.5].

Diferencidlnu rovnicu druhého ridu si transformujeme na sistavu

dvoch

diferencidlnych rovnic prvého ridu

Y
Ys

s pociatotnymi podmienkamsi

Y2,
(1—9y1) -y2— 1,

Y1 (O) = 2a
y2(0) = 0,
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a pre funkcie

Fl (x7y1ay2) = Y2,
Fo(z,y1,92) = (1—9i) y2— w1,
dostdvame vysledky, ktoré zapiseme do tabulky
i Jlo 1 2 3 4 5
x; 0.0 0.1 0.2 0.3 0.4 0.5

y1, || 2.0000 1.9909 1.9811 1.9705 1.9589 1.9464
y2, || 0.0000 —0.0091 —0.0189 —0.0295 —0.0411 —0.0536

Priklad 5 Metédou Rungeho-Kutta riesme
y' +y — 6y =0,
s pociatotnymi podmienkamsi

y(0) = 3,
y(0) = 1,

s krokom h = 0.1 na intervale [0,0.5].
Zadani dif. rovnicu 2. rddu

y' = —y + 6y,

transformujeme na siustavu dif. rovnic prvého radu

yll = Y2,
Y = —y2+6y1,
a teda pre dve rovnice
v = F(2,91,92) = v,
vy = G(x,y1,y2) = —y2 + 6y,
s pociatotnymi podmienkams
Y1 (0) = 3,
92(0) = 17
riesime metddou Rungeho-Kutta 4. rddu, t. j.
kl = F(xhyliay%) ’
ll = G(xivylqui) )
h h h
ke = Flx;+ =,y + =k o+ =1
2 ($z+27y11+2 1,y21+21>,
h h h
12 = G(ml+2,y11+2k‘1,y27+211> ;
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h h h
ks = F (wi + 57 YL + §k2,yzi + 212> ,
h h h
Iy = L T A
3 G<x+2y11+22y21+22>
ky = F(x;+ h,y1, + hks,y2, + hls),
ly = G+ hyyr, +hks,yz, + his),
1
Yo = Y1, + gh - (k1 + 2ka + 2ks + ka) ,
1
Y201 = Y2, + gh Sl F 20+ 2034+ 1y).

Vysledky zapiseme do tabulky

i |o 1 2 3 4 5

z; || 0.0 0.1 0.2 0.3 0.4 0.5

y1, | 3.0000 3.1836 3.5325 4.0508 4.7523 5.6597
y2, || 1.0000 2.6631 4.3208 6.0686 7.9984 10.2035

Priklad 6 Riesme Cauchyho potiatotni ulohu uréend diferencidlnou rovnicou
y =y —t*+1,

s pociatotnou podmienkou

s krokom h = 0.5 na intervale [0, 2]:

a) FEulerovou metddou (metéda Rungeho-Kutta 1. rddu),
b) metddou Rungeho-Kutta 4. rddu.

a) Pre zadani interval [0,2] a krok vytvorime siet uzlovgch bodov
t: = {0.0,0.5,1.0, 1.5, 2.0},
prei=0,1,2,3,4. Fulerova metdda je urcend vztahom
Yier =Yi +h-F(ti,y;) =y +0.5- (yi—t?—i-l).

Vysledky zapiseme do tabulky

i |o 1 2 3 4
t; | 0.0 0.5 1 L5 2.0
yi || 0.5000 1.2500 2.2500 3.3750 4.4375
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b) Metéda Rungeho-Kutta 4. rdadu je podobne urcéend vztahmi

kl = F (tia yz) )
h h
k = F t; 5 Y -k ’
2 ( + 50 Y + ) 1)
h h
= Flti+<,yi+ 5 )
k3 (t t5Uit g k2>
k4 = F(tl+hayl+hk3)7
1
Yit1 = yi+6'h'(k1+2k2+2k3+k4),
vysledky zapiseme do tabulky
) 0 1 2 3 4
t; | 0.0000 0.5 1 1.5 2.0000

kq || 1.5000 2.1751 2.6396 2.7568
ko || 1.8125 2.4064 2.7370 2.6335
ks || 1.8906 2.4642 2.7614 2.6027
kg || 2.1953  2.6572 2.7703 2.3082
y; || 0.5000 1.4251 2.6396 4.0068 5.3016

Priklad 7 Metédou Rungeho-Kutta riesme
Y +y -y + 3y =sint,
s pociatotnymi podmienkamsi

y(0) = -1,
y () = 1,

s krokom h = 0.2 na intervale [0, 20].
Dif. rovnicu druhého rddu si transformujeme na sustavu dvoch dif. rovnic
prvého rddu pomocou substiticie

w=y, u=y.
To znamend, 2e riefime sustavu
uy = F(2i,91,,92,) = us,
ul2 = G (xiv y1i7y2i) = Uy U2 — 3U1 + Sil’lt,
s pociatotnymi podmienkamsi
(751 (0) = —1,
Tito riesime metddou Rungeho-Kutta 4. rdadu, t. j.
kl - F(xi)uliyuQi) ’
ll = G(fEi,Uli,UQi) 5
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1
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(lh 4+ 2l + 213 + l4) .
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Priklad 8 Riesme Cauchyho pociatoéni tlohu urcend diferencidlnou rovnicou
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s pociatotnou podmienkou

y(2) =e,

pre 5 krokov na intervale [2,€]:

a) Eulerovou metddou (metéda Rungeho-Kutta 1. rddu),

b) metddou Rungeho-Kutta 4. rddu.

a) Eulerova metdda na riesenie ODE md tvar

Yir1r =Yi +h-F(z,y) =y

+h.yilnyi,

T

pre zadany pocet krokov a interval [2, €] uréime siet’ uzlovych bodov a ziskané
vysledky zapiseme do tabulky

i | o 1 2 3 4 5
z; | 2.0000 2.1437 22873 24310 25746 2.7183
yi || 27183 29135 3.1223 3.3456 3.5844 3.8397

b) Metéda Rungeho-Kutta 4. rddu je podobne uréend vztahmi

k1

ko

ks
k4

Yit+1

F ('rlayl) )

h h
Flaoi+ 5,y +5 k),
<$+2y+2 1)

h h

1
i+ = b (ky + 2ko + 2ks + k),

6

vysledky zapiseme do tabulky

] 0 1 2 3 4 )

z; || 2.0000 2.1437 2.2873 24310 2.5746 2.7183
ki || 1.3591 1.4604 1.5691 1.6860 1.8115

ko || 1.4071 1.5119 1.6246 1.7456 1.8757

ks || 1.4105 1.5155 1.6283 1.7495 1.8797

ks || 1.4605 1.5693 1.6862 1.8117 1.9466

yi || 2.7183 2.9207 3.1382 3.3719 3.6230 3.8928

Priklad 9 Metddou Rungeho-Kutta riesme na intervale [0,1] s krokom h = 0.1

dif. rovnicu

y'+ 4y +5y = 10,
y(0) = 1,
y'(0) = 2

10
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Preznacenim

ur =y,
/
uz =Y,

transformujeme zadani dif. rovnicu druhého rddu na siustavu dif. rovnic prvého
radu

uy = F(tyy)=F(u,u) = ua,

uy = y' =Gty y) =G (tu,uy) = —4us — 5uy + 10e,
u1(0) = 1,
uz(0) = 2.

Tito sustavu riesime metddou Rungeho-Kutta 4. rddu, t. j.

ki = F(x,ui,,us,),

L = G(mi,uli»uzi)»

h h h
ko = F (ti + 50l + §k17uzi + 2l1> )
h h h
Iy = G(ti+2,u1i+2k17u2i+211> )
h h h
ks = F (ti + 50l + §k27uzi + 212) ;
h h h
I3 = G(ti—i—?,uli +§k27u2i +212> )
ky, = F (ti + h,uli + hk‘g,’dzi + hl3> R
l4 = G (t’L + ha Uy, + hk-?n Uz, + hl3) )
1
Ui, = U, + éh (k14 2kg + 2k3 + ky),
1
U2i+1 = Uy + éh . (ll + 2[2 + 213 + l4) .

Riesenitm je vektor y = uy, ktory wvddzame v tabulke

i |o 1 2 3 4 5 6 7 8 9 10
t; [ 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
yi | 1.0000 1.1869 1.3546 1.5120 1.6668 1.8251 1.9922 2.1726 2.3703 2.5891 2.8321

11



