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11 Numerické integrovanie

Priklad 1 Vypocitajme hodnotu urcitého integrdlu

2

2
/ez dz
Z2

a) lichobeznikovou metddou pre m =8,
b) Simpsonovou metédou m = 8.

a) Vypocitame pomocou vztuhu pre lichobeinikovi metddu, kde Sirka podinter-
valu

b—a 2-(-2)
m 8

4
h = =-=0.5.
8

A preto

’ 1

/e“de ~ h- (2 [ (xo) 4+ f(z1) + f (z2) + [ (w3) + [ (24)
2o

F (5) + f () + f (7) + ;-ms))

0.5- <; P2+ F(—15) 4+ f(=1) + F (—0.5) + £ (0)

+f(0.5)+f(1)+f(1.5)+;~f(2)>

0.5 - (; eV L e(F1B) 4 o1 4 o(205)7 (07

1el09)7 7 4 (187 % .e<2>"‘>

= 41.289.
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b) Dosadime do vztahu pre Simpsonovo pravidlo

Q

2
/edex g (f(fﬂo)+4'f(xl)+2'f($2)+4'f(903)+2'f($4)

+4-f($5)%2'f($6)*4‘f($7)*f(18))

- Of.(f(_z)+4.f(_1.5)+2.f(_1)+4.f(_o.5)+2-f(0)
+4-f(0-5)+2~f(1)+4-f(1-5)+f(2)>
_ 05 ( (-2 4 4. o157 1 9. o(-D? 1 4. o(=05)% 4 o o(0)?
3 e +4-e +2-e +4-e +2-e
405 g o7 gL o) e<2>2>
= 34.707

Priklad 2 Pomocou lichobeinikovej a Simpsonovej metddy ndjdime pribliznd

hodnotu urcitého integrdlu
8
/ Vadz,
0

pre pocet uzlovych bodov m = 8.
Najskor si urcime Sirku ekvidistancného kroku, t. j.
b—a 8-0 8

h= =—— =—-=1.
m 8 8

Ziskali sme teda siet’ uzlovych bodov

Top X1 T2 T3 Ty Ty e X7
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Uréime odhad integrdlu pomocou zloZeného lichobeznikového pravidla

L = h- (;~f(:co)+f(m1)+f($2)+f($3)+f($4)

1 (23) 4 f (ae) + f (r) + 5 f(ws))

1

= 1 <2~f(0)+f(1)+f(2)+f(3)+f(4)

+f<5>+f<6>+f<7>+;-f<8>>

1~<;-\f0+\f1+\/§+\/§+\/1

+\/3+\/6+\f7+;-\/§>

= 14.892.

Pomocou zloZeného Simpsonovho pravidla je odhad urcitého integrdlu dany

S = % (f(xo)+4'f(9€1)+2'f($2)+4'f(373)+2'f($4)

+4'f(x5)+2'f($6)+4'f(937)+f(338)>

W =

-(f(0)+4-f(1)+2-f(2)+4~f(3)+2-f(4)

+4~f(5)+2‘f(6)+4'f(7)+f(8)>

. <\f0+4\f1+2\/§+4\/§+2\/1

+4x/5+2¢6+4\ﬁ+\/§>

= 15.004.

Pre porovnanie skutoénd presnd hodnota urc¢itého integrilu je

8 3 8 9
T2
0 0

2
(\/87)—0):7¢279
3
2 ., 2
- g.z \ﬁ:g 16v/2 = 15.085.
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Priklad 3 Vypocitajme hodnotu urcitého integrdlu

P
/ sin’zdz
0

a) obdlznikovou metddou pre m = 6,

b) lichobeznikovou metddou pre m = 6,

c) Simpsonovou metddou m = 6.

Najskor si urcime Sirku podintervalu
b—a 7w—-0
h = = = —
m 6 6’

a teda uzlovgmi bodmi si hodnoty (siet)

Lo | T1 | T2 T3 Ty Ts | T
0 | = [ Zm_—z |3z @ [ 4r _ 2 | 57 [ 6xr _ -
6 6 3176 2 1 76 3 6 6

a k nim prislichajice funkéné hodnoty s
f(zo) = f(0)=sin?0= (sin0)* = 0% = 0,
) ™2 [(1\? 1
fa) = f(G)=sin’ G = (sing) _<2>“y
2
T Lo T m\ 2 V3 3
f(z2) = f(g)—sm gf(smg) <2> =2
_ ™ _ 2T (. T 2 2
f(zs) = f(Q)—sm 2—(51n2) =(1)" =1,
9 2
2m o 2T . 2 3 3
f(za) = f<3>—sm 3—<sm3> _<2> =
B 57\ .5 (. 5m\7  [1\® 1
f(zs) = f<6>81n 6(s1n6> <2) =7
Tg) = 7) =sin?71 = (sinm)? =02 =0
[ (w6) f(m) (sin) :

a) Obdznikovym pravidlom odhadneme hodnotu integralu

™

m—1
/siandx ~ O:Zh'f(f”i)
) i=0
= & (F@o)+F (@) + f (@2) + f (w5) + F (20) + f (5))
T 1 3 3 1
= %W%LE\?I.
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b) Lichobeznikovym pravidlom odhadneme hodnotu integrdlu

™

/sinQ:cdx ~ L—h (; fao) + F@) + f@a) 4+ fEmoa) g f(%))
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2 41 47472
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c) Pomocou Simpsonovho pravidla bude odhad hodnoty integrdlu

U

/sinzxdx ~ Szg- (f(mo)+4'f($1)+2'f($2)+4'f(953)

0

+2-f(:v4)+4~f($5)+f($6)>

z 1 3 31

= 5. 42425441422 44°
5 <0+ TR R A 4+0)
1

= ST L5TL

Pre porovnanie skutoénd hodnota urcitého integrdlu je

™

7 1 — cos?2 1 in 221"
/sinzardx = /ﬂdx: =g ERET

2 2 .
0 0

2
_ 1 sin 27 0 sin 0
9T e 2

Priklad 4 Vypocitajme hodnotu urcitého integrdlu

3
/2"”(11
]

a) obdisnikovou metdédou pre m = 4,

ST

b) lichobeznikovou metddou pre m = 4,

c) Simpsonovou metédou m = 4.
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Najskor si urécime Sirku podintervalu

m 4
Rozdelime si dany interval na podintetervali pomocou uzlovjch bodov (siete) a
ndjdeme v nich funkéné hodnoty

i |0 1 2 3 4
; -1 1 2 3
fla)=2% |27'=1 20=1 2'=2 22=4 25=38

a) Obdlznikovym pravidlom dostdvame odhad

—

m—

3
/ 2z ~ 0= f(z;) h=h-(f(zo)+ fla1) + f(z2) + f(x3))
-1

=0
il

b) Lichobeznikové pravidlo ndm ddva vysledok odhadu

3 m—1
/QIdm Lzh( (zo +mel+fxm>
Z1
1
2’

15
+1—|—2+4> 5 =T7.5.

N | =

Q

= h-<;'f(mo)+f($1)+f($2)+f( 3) + f(x4)>

1+1+2+4+1 8 i45—1125
2 2 T4 T

Il

—_
7 N
N |

c) Simpsonovym pravidlom dostaneme odhad

3 m—2
/Q“'dx ~ S= h (f(xo)+4- f(w21) +2- Z f(z2i) +f(33m)>
(f(zo) +4- f(z1) +2 fla2) +4- f(z3) + f(z4))

1 65
-(2+4-1—|—2-2+4-4+8) é€:10.833.

Wl Wl

Pre porovnanie skutoénd hodnota urcitého integrdlu je

3
r 13
2z 1 1 1 15
Wdr=|—| =—(22-2"=—"[8-2]=-—""=10.82.
/ v {1112}1 o ( ) ln2( 2) 212
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Priklad 5 Vypocitajme minimdlny pocet uzlovyjch bodov lichobeinikovi metddu
na riesenie integrdalu
1
/ e_g”zdac,
0

ak pripustame mazimdlnu chybu e = 0.005 a tento integrdl pomocou tejto metddy
odhadnime.
Pre odhad chyby lichobeznikove) metddy plati

(b—a)’
€= oz Mo

kde My = max |f" (z)|. Nakolko pre druhi derivdciu

z€a,b]
[ (z) = (42* - 2) e

na intervale x € [0,1] plati

7 @) = (422 = 2) e | <2= 2.
A teda pre pozadovani presnost musi platit
(b—a)®
M.
¢ 12-m2 >
(1-0)°
0.005 -2
o 12.-m2 7’
0.005 > 2
' 12 -m?2’
1
0.005
~ 6-m?2’
2 o 1 1 1 1 1000
m P—— = — - =
6 0.006 6 ﬁ 30 7
1000
> — =5.71.
" 30

A teda pre pozadovani presnost must byt pocet uzlovijch bodov minimdlne m = 6.
Vytvorime si siet’ pomocou uzlovych bodov tak, Ze rozdelime pomocou nich
interval [a,b] = [0, 1] na 6 rovnakych podintervalov dizky

b—a 1-0 1
]’L: ==,
m 6 6
cize
ZTo Tq T2 T3 Ty Ts Te
T 2 3 1 5 6 _
O lg lagls lslesg lg=1
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a hladang odhad bude

1 n—1
/e—erm ~ L:h~(;-f(xo)wLZf(%)*‘;f(%))
0

= h- (;-f(x0)+f($1)+f($2)+f(x3)
—|—f(904)+f(335)+;'f(x6)>

)2

ol

- 5 (é e e () 1o (B) e (

ok

e () 4o (B) & % -e_12>

= 0.745.

Priklad 6 Vypocitajme minimdlny pocet uzlovijch bodov Simpsonovou metddu

na rieSenie integralu
1

]
/emdm,
0

ak pripustame mazimdlnu chybu e = 0.001 a tento integrdl pomocou tejto metddy
odhadnime.
Pre odhad chyby Simpsonovej metddy plati

(b—a)’
T 90.-mA Y

kde My = m[a}i] ‘f(4) (a:)‘ Nakolko pre druhi derivaciu
xre|a,

f@ (z) = (162* — 4822 +12) - ™
na intervale x € [0,1] plati

F@ (@)] = (162" — 4822 + 12) - o7

<12 = M,.
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A teda pre poZadovani presnost musi platit

(b—a)’
90 -mt Y
(1-0)°
.001 12
0.001 > 50 i ,
1
.001 — 12
0.001 > 50 1 12
m* > ¥.12+13333
90 - 0.001 T

m > V66.667 =3.3981.
A teda najblizsie parne celé ¢islo je m = 4 a pre $irku podintervalu

b—a 1-0

h =

1
m 4 4

siet’

o | T1 €2 3

€T x
0 [1=025][2=2=05]2=075]3=1

Odhad Simpsomnovou metddou je

1

m—1 m—2
/e_mzdm ~ S= g . (f(l‘o) +4- Z flwoi—1) +2- Z f(z2:) + f(l“m)>
=1 =2

0

= () T @) 42 () + 4 () + )
g (e a0 26 4 g (1) 4 0)
= 0.747.



