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10 Aproximacia a interpolacia funkcie
Priklad 1 Ndjdime Lagrangeov interpolacnyj polyndm pre funkciu zadani tabulkou

i Jo 1 2 3
K 1 4 5 8.
flz): |10 12 13 9

Lagrangeov interpolatny polyndm zostrojime ako linedrnu kombindciu

3
Lz (z) = Z I () - 13, ()

=0

Sfunkéngich hodndét a elementdarnych Lagrangeovijch polynémov tvaru

s (2) = (x—x0) (x—x1) .. (—mi1) (@ —miy1) ... - (B —2p)
o (.Ti*xo)'(LEi*wl)'...'(xi71'1',1)'(:L’if.’ﬂile)'...'(iL'i*l'n),
pre 1 =0,...,n=3. Tieto si v nasom pripade rovné
hoo) = G ) -5 (@ -9,
(-1 (x-5) (-8 1
ls1(z) = A-1) (a5 (@-3) E(z—l)(az—5)(z—8),
 @-D@-4@-8 1
l32(x) = (5_1)(5_4)(5_8)——E(x—l)(x—él)(x—S),
hat) = G g @ D09,

a preto hladany Lagrangeov interpolaény polynom je

Ly(x) = 10 (—;4@—4)@—5)@:—8))—&-12-112(x—1)(x—5)($—8)
+13- (—112(x—1)(x—4)(x—8)>—|—9-814(:1c—1)(:r—4)(x—5)
2 29 , 211 g

_ _“=.3 = —
= T Tt Tttt

Priklad 2 Pre tie isté hodnoty ndjdime Newtonov interpolatny polyndém
i: H o 1 2 3

flz): |10 12 13 9
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Do tabulky si zapiseme prislusné pomerné diferencie jednotlivijch rddov

it @y =f (%) flziv1, @i flzive, zivn, @] flmits, ige, i1, 2
—_—
pomernd diferencia 1. radu  pomernd dif. 2. rddu pomernd dif. 3. rdidu
12-10 _] 2 -2 1 “15=15 | _ 2
0 1 4-1 ~ |3 5—1 | 12 8—1 _ 21
4
13—-12 __ -3—1_ 7
1 4 12 5714 - 14 8—4 — 12
2 |5 13 1 —_2
3 8 9

A teda pre Newtonov interpolaény polyném plati

2 1 2
N3 (z) = 10+3-(x—1)+12-(1:—1)(3:—4)+(—21>-(:c—1)(x—4)(3:—5)
R T
21" T T et T

Priklad 3 Metédou najmengich stvorcov ndjdite exponencidlnu funkciu, ktord
naglepsie aproximuje hordnoty dané tabulkou

? H T yi = [ (i)
0| 2.0774 1.4509
1] 2.3049 2.8462
2 || 3.0125 2.1536
3 || 4.7092 4.7438
4 1| 5.5016 7.7260
Ezxponencidlnu funkciu
y=A-e"",

aporoximujeme metddou najmensich stvorcov najjednoduchsie tak, Ze si povodnyj
z4pis zlogaritmujeme a upravou dostaneme

Iny = ln(A-eBz),
Iny = InA+Ineb?,
Iny = InA+ Bzx-lIne,
=1
Iny = IlnA+B-z
ozn. a

¢o je v podstata rovnica priamky, pre ktord budeme nezndme paramatre a a B
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hladat podla

n

n n n
> lnyi- Y af— Y @i 3 wilny,
i=0 i=0 =0 i=0

a - n n 2
1) E ot (S
1=0 1=0
5.8 71.15 — 17.61 - 24.15
S = —0.28,
5-71.15 — (17.61)
(n+1)-> ax;lny; — > x; - > Iny;
B — i=0 i=0 i=0
o n n 2
(1) 3 a2 (2)
1=0 1=0
5-24.15—17.61-5.8 .
5-71.15 — (17.61)

)

kde

n+1l = 5,

zn: z; = 17.61,
=0

Zn: 7 = T71.15,
=0

> Iny; = 5.80,
i=0
inlnyi = 24.15.
1=0

Cize A =e® =e 028 2 0.76 (kede a = InA) a hladand exponencidlna funkcia
md tvar
y=A-eP"=0.76. "7

Priklad 4 Ndjdime Lagrangeov interpolacny polyndém pre funkciu zadand v tabulke

i Jo 1 2 3
x;: -1 0 3 7.
flz): | 4 5 8 9
Lagrangeov interpolatny polyndém zostrojime ako linedrnu kombindciu
3
Ly(z) = > f(2:) I3 ()
i=0
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funkéngjch hodnoét a elementdrnych Lagrangeovijch polynémov

i (2) = (x—zp) (x—z1) .. (@ —zim1) (T —@jg1) .. (T — Tp)
e (wi—xo)-(xi—ml)-...-(l‘i—mi,l)-(xi—a:i+1)-...-(a:i—xn)’
prei=0,...,n=3. V nasom pripade teda elementdrne Lagrangeove polyndmy
maju tvar
=0 z=3) (=7 1
ZB,O(m) — (_1_0)(_1_3)(_1_7) _372‘%.(:6_3)(1'_7)ﬂ
_ =) =3)- @7
13)1<.’II) - (07(71))(073)(077) i(.’l]—i-l)(l‘_?))(x_?),
_ - @-0- (-7 1
l32 () = G- (1) (3B-0)-3-7 —@x(aﬁ—l)(z—?),
_ - @-0- (-3 1
R H = 7 R A
a teda celkovo Lagrangeov interpolaény polyném bude
3
L3 (-T) = Zf -Tz l4z =
=0
_—y _312 (x—3)(m—7)) +5. 2—11(32—&— 1) (2 —3)(z—7)
"y (-4183;(x+1)(x—7)> +9. ix(w-ﬁ-l)( _3)
3 3 233
= f4 2t a4+

T 2247 112” 224

Priklad 5 Pre tie isté hodnoty najdime Newtonov interpolaény polyném:

i Jo 1 2 3
T;: -1 0 3 7
flx): || 4 5 8 9
Do tabulky si zaznacime prislusné pomerné diferencie kazdého rdadu
i w oy = f (1) J iy, 2] flrive, miv, ] flTivs, Tive, Tig1, w4
—_———
pomernd diferencia 1. radu  pomernd dif. 2. rdadu pomernd dif. 3. radu
5-4  _ -1 _| —35—0 3
0] -1 0—(-1) * 3—(—-1) ~| 7—2(8—1) | 224
8—5 _ -1 _
110 5 70~ 11 A = 3%
2 3 8 7—3 = 1
317 9
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Cize pre Newtonov interpolaény polyném plati

Ny(2) = 4+1-(¢—(~1)+0-(x— (1) (@ -0)

+(53) - -0 @=3)

3 4 n 3, n 233 45
——ax°+ —a°+ —x+5.
224 112 224
Priklad 6 Metédou najmensich Stvorcov ndjdite mocninovi funkciu, ktord na-

jlepsie aproximugje hodnoty dané tabulkou

i oy = f ()
0 1 1.027

1 3 28.562

2 6 220.220

3 7 350.123

Aproximujeme mocninovi funkciu
Yy= A- xBa

kde nezndme parametre vypocitame podla vztahu

n n n
(n+1)-> (Inz; - Iny;) — > Inz; - > Iny;
i=0 i=0

B = = 2
(n+1)-3 (Inay)? - (;0 lnxi>

=0
4.24.75 — 4.84 - 14.63
- " =3.01,
4.8.20 — (4.84)

ZlnyifBo Zlnazl
=0 =0

3

1463 —3.01-4.84
(n+1) N 4

=0.0154,

kde

i: Inz; = 4.84,
i=0

> Iy = 1463,
=0
(Inz; -Iny;) = 24.75,
=0

n

> (nz)* = 8.20.

=0

Cize A =e® = e"01%4 = 1,016 (lebo a = In A < A = e®) a hladand mocninova
funkcia mad tvar
y=A-28=1.016-¢>0"
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Priklad 7 Ndjdime Lagrangeov interpolaény polyndm pre funkciu zadani v tabulke:

i Jo 1 2 3
T;: 5 6 9 11
flz): |12 13 14 16

Lagrangeov interpolatny polyndém zostrojime ako linedrnu kombindciu

3

Ly(z) =) f (%) 13 (@)

i=0
funkéngjch hodnoét a elementdarnych Lagrangeovich interpolaény polynd-
mov
b () = (x—x0) - (x—21) .. (@ —mi—1) (@ —@iy1) ... - (T —2p)
e (ZET - .To) . (ZEZ —$1) et (iL’fL‘ — 1‘,'_1) . (CUL — ZEH_l) et (.Ti — l‘n)

Cize v nasom pripade siu elementdrne Lagrangeove interpolatny polyndémy

ho) = GogrE e = = 6) (@ - 9) (o - 1),
(=5 (x—-9)(z—11) 1

ls1(z) = (6—5)(6—9)(6—11)7175(1175)@79)@711)7

ls2(z) = g:g;g:g;g:ﬁ;:—214(x—5)(x—6)(x—11),

I3 (z) @=5@-6-9 _ 1 (z —5) (z—6)(z—9).

3
Ls(z) = Z (i) I3, (@)

f
~ 12 (1(x6)(x9)(x11)>+13~115(x5)(9:9)(x11)

+14-<—214(x—5)(x—6)(:z:—11))+16~610($—5)(m—6)(x—9)
Ly T T 2

22 220
20 6 60 2

Priklad 8 Pre tie isté hodnoty ndjdime Newtonov interpolacny polyndm:
i Jo 1 2 3

T; 5 6 9 11
fla)): || 12 13 14 16
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Pre vijpocet budeme potrebovat prislusné pomerné diferencie aZ do tretieho rddu,
ktoré si zapiseme do tabulky

il w oy = () flmiv1, w] flrive, zivr, @] f[Tiga®ipo, Tiv1, @i
—_——
pomernd diferencia 1. radu  pomernd dif. 2. rdidu pomernd dif. 3. rdadu
1 2 1
13—12 _. -1 | 1 ﬁ—(—é) _| 1
015 6—5 _ 9-5 | 6 11-5 120
14-13 _ 1 -3 _ 2
1|6 13 9-6 ~— 3 11-6 — 15
219 14 =t —1
3|11 16

A na zdklade ndjdengjch prvych pomernich diferencit prislusnygch rddov uréime
Newtonov interpolaény polynom nasledujicim spésobom

1 1
N3(z) = 12+1~(x5)+(6>~(:c5)(z6)+20'(x5)(:E6)(509)
1 2
= %x?’ - gsﬂ + 56507:10 - ?3 =0.052% — 1.166 722 +9.283 3z — 11.5.

Priklad 9 Metédou najmensich Stvorcov aproximujme logaritmickou funkciou
hodnoty v tabulke

i oy = f ()
0 1 0.005
1 3 1.203
2 6 1.912
3 7 2.222

Logaritmickd funkcia, urcend vztahom
y=a+blnx,

kde nezndme parametre a,b uré¢ime metddou najmensich Stvorcov, ktord vedie

na riedenie sustavy dvoch rovnic o dvoch nezndmych, ktorej rieSenie pouZitim
Cramerovho pravidla je

n

(n+1)-> (y;Inz;) — Zn: Yi - zn: Inz;

b i+0 0 it0
N n n 2
(n+1)- (Inz;)* — <Z lnxi>
i+0 i+0

4-9.07 - 5.34-4.84 .

= — = 1.11,
4-8.20 — (4.84)
i b- lnxi
z;oy i% 5.34—-1.11-4.84 .
a = = = —0.01,
(n+1) 4
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kde

Sy = 534,

=0
Zln:/ni = 4.84,
=0
(Inz;)®> = 8.20,
=0
Z(yilnmi) = 9.07.
=0

A hladand logaritmickd funkcia md teda tvar
y=a+b-lnx=-0.01+1.11 Inz.

Priklad 10 Ndajdime Lagrangeov interpolacny polyndm pre funkciu zadand v

tabulke:
i Jo 1 2 3 4

T;: 4 6 10 -2 1
yi=f(x): || 13 5 8 3 -7

Lagrangeov interpolacny polyndm zostrojime ako linedrnu kombindciu

4
Li(x) =Y f (i) lai (2)
=0

funkéngjch hodnoét a elementdarnych Lagrangeovich interpolaény polynd-
mov

s (2) = (x—xz0) (x—21) .. (x—2i—1) - (T — 1) .. (T — Ty) .
o (xz—xo)(xl—xl)(xz—ml,l)(mz—xzﬂ)(xl—xn)

Takze v nasom pripade tieto elementdrne Lagrangeove polyndmy budi mat tvar

(z—6)(x—10)(z = (=2)) (= = 1)
(4-6)(4-10)(4—(=2)(4-1)
1

= 2716(3:—1)(:1:+2)(x76)(:c710),

14’0 ({E) =

(z—=4)(z-10)(z - (=2)) (x = 1)
(6-4)(6-10)(6—(=2))(6-1)

= =)@ +2) (@ - (e - 10),

l471 (1’) =

=

ho(e) = E=HE-6)(@-(-2)-1)
v (10 —4) (10 — 6) (10 — (=2)) (10 — 1)
1

= S D@+ -1 (@ -6),
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(x—4)(z—6)(z—10)(x — 1)

L
1728

(2-4)(—2-6)(—2-10)(—2 1)
(x—1)(x—4)(x—6)(x—10),

(z—4)(z—-6)(z—-10) (z - (=2))

405

(1-4)(1-6)(1-10)(1—(=2))
(x+2)(x—4)(x—6)(x—10).

Na zdklade toho bude Lagrangeov interpolaénij polyndm

4

Do f (@)l (=)

=0

13~L(:z:fl)(aerQ)(:ch)(xflO)

216
—|—5-(—3;0(x—l)(m+2)(m—4)(x—10)>
+8-ﬁ(x—1)(x+2)(:z:—4)(:c—6)

1
+3 ﬁ(xfl)(x—él)(xfﬁ)(a:—l())
+(—7)-(—4(1)5(m+2)(x—4)(x—6)(a:—10))
Lo 43, 6T, AT
1Y 720" T120" Te0 "

6.6667 x 10~ 2z* — 1.0752% + 3.891 722 + 4.116 Tz — 14.0.

Priklad 11 Pre tie isté hodnoty ndjdime Newtonov interpolacny polynom

i [o 1 2 3 4
Tt 4 6 10 -2 1
yi=f(x): || 13 5 8 3 -7

Pre urcenie Newtonovho interpolacného polyndmu budeme potrebovat pomernd
jednotlivé diferencie a2 do radu tvrtého, ktoré si zapiseme do tabulky.

g

X4

yi = f(x;)

flzig1, xi]

flzive, iz, @) fl@igs, ., x]  flTigs, ...

pom. dif. 1. radu

pomernd dif. 2. r. pomernd dif. 8. r.

3 1 19 3 1

5-13 [ —(=4 _|19 24731 _| 1 “d6—8 | L

0|4 6—4 — 10-4 |24 —2-4 |8 1-4 |15
5 3 5 1

8—5 _ 3 iz—a1 _ 1 12724 _ _ 3
1|6 5 10-6 4 —2-6 — 2 1-6 40

3-8 _ 5 ~ 3713 5
2|10 8 219 T T2 i-10 — 12
31-2 3 1—(—2) 3
411 -7

)zi]

pomernd dif. 4. r.
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A teda
Ny(z) = 13+(—4)-(x—4)+%~(m—4)(m—6)
+é-(m—4)(x—6)(m—10)
1
—I—TE)~(x—4)(a:—6)(:c—10)(x—(—2))

1, 43 5 467 , 247
R . B L St P
57 "% T" Te”

= 6.6667 x 10722* — 1.0752> + 3.891 722 + 4. 116 Tz — 14.0.

Priklad 12 Metddou najmensich $tvorcov aproximujme kvadratickym polynd-
mom funkciu zadani bodmi v tabulke:

iy = f ()
4.651
48.698
300.741
400.222
635.984

0 1200.984

QU= W N~ O =
= 00 O W

Hladdme polynom tvaru
y:a0+a1~x+a2~x2.

Budeme potrebovat’ sumy hodnot

> @ = 35,

=0

>y = 2591.28,
1=0

5

> al = 259,
1=0

> oad = 2099,
=0

5

> af = 17875,
1=0

D wy; = 21854.46,
i=0

5
> wwyp = 191681.86.
1=0

10
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A riesime sustavu

5 5 5
ao(n—i—l)—I—alei-l-agZ%? = Zyia
i=0 i=0 i=0
5 5 5 5
2 3 _
aozxi+alzxi+a22$i = inyi,
i=0 i=0 i=0 i=0
5 5 5 5
aOZx?—I—alZﬂvfﬁ-@Zx? = chzyf
i=0 i=0 i=0 i=0

kde po dosadent dostdvame stustavu

ap-6+a;-35+as-259 = 2591.28,
ao-35+aq - 259 4+ ag-2099 = 21854.46,
ao - 259+ a; -2099 + ay - 17875 = 191681.86.
Ktorej riesenie je
ag = 94.29,
a; = —86.78,
ay = 19.55.

A hladand funkcia md tvar

Yy = ap+ay - x + ay -
94.29 — 86.78x + 19.552°.

Priklad 13 Ndjdime Lagrangeov interpolacny polynom pre funkciu zadand v

tabulke:
i Jo 1 2 3

Tt -1 2 5 0
yi=f(z;): || 2 5 9 =2

Lagrangeov interpolacny polyndm zostrojime ako linedrnu kombindciu

3

Ly(x) =Y f (@) s (x)

i=0
funkéngch hodnoét a elementdrnych Lagrangeoviych interpolaény polyno-

mov

(x—x0) (x—21) . (—mim1) (@ —mig1) ... - (T —2p)
(:cz—xg)(zcl—xl)(xl—xz,l)(xl—xzﬂ)(xl—xn)

ln,i (l‘) =

11
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V nasom pripade, pre body zadané v tabulke, budi jednotlivé elementdrne La-
grangeove polynémy mat tvar

s (x) = (_(1:”__22))((_3”1__55))(2”__1 0 e —1—18x (@ —2)(x—5),
) = GO aon o — e Ve,
ba®) = G E e G = a0t
bae) = G ~ e DD

Lagrangeov interpolacny polyndm md tvar

3
Li(w) = > f(m) lai(x

=0
= 2. —%x(m—Z)(x ) (—a: xz+1 (a:—5)>
1 1
+9 - %x(:c—kl)(x—Q) (-2 E(x—l—l)( 2) (z — 5)
22 . 269 47
= *El’d‘i’mxz*% xr — 2

= —0.48889z% + 2.988 922 — 0.522 222 — 2.0.

Priklad 14 Pre tie isté hodnoty ndjdime Newtonov interpolatny polyném

i Jo 1 2 3
xT; . -1 2 5 0
yi = f(z;): || 2 5 9 =2

Budeme potrebovat’ jednotlivé pomerné diferencie aZ po rdad treti, ktoré zapiseme
do tabulky

i@y =f(z) flziv1, zi] flwive, wiv1, @] flTitsTito, Tigr, ]
pomernd dif. 1. radu  pomernd dif. 2. rdadu pomernd dif. 3. radu
5-1 1 —s—1 22
o 3 1 30 18 | _ 22
0 1 - ( 1) * 5—(—1 18 0—(—1) | 45
11 _ 4
9-5 4 5 "3 _ 13
]2 5 5 29 311 0—-2 — 30
215 9 0—5 5
310 -2

Newtonov interpolacny polyndm konstruujeme pomocu prvyjch pomerngch difer-

12
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encit jednotlivijch rddov

N3(z) = 2+1-(z— (1)) + 2 -(z-(-1)(z-2)

+(-2) e ) E-2E-)
22 5 269 , 47
" T 90" T 90
Priklad 15 Metddou najmesich stvorcov aproximujme logaritmicki funkciu zadani
tabulkou

iy = f(2)
3.3
5.5
6.3
7.2
7.2
0 76

Tk W N~ O =
= 00 1 O W

Logaritmicki funkciu
y=a+b-Inz,
aproximujeme metddou najmesich stvorcov, ¢o vedie na riesenie sustavy dvoch
rovnic o dvoch nezndmych, ktorej riesenie by pre nezndme paramatre a,b bolo

n

(1) 3 (gilnz) — Syi- > Ina

b o— i=0 i=0 i=0 . 6-63.8—37.1-9.2 .
- 2 - 2 - )
n n 6-17.8 - (9.2
(n+1)- (lnxi)Q— (Zlnxi> (92)
i=0 i=0
n n
i~ b3 I,
LY LIz oy 1999
a = = = 3.3,
(n+1) 6

kde sucty su

i:lnxi = 0.2
=0
Yoy = 371,

i=0
(Inz;)? 17.8,
=0
n
Z (y;Inz;) = 63.8.

s
I
=)

A teda hladand funkcia je
y=a+b-lnz=33+19 Inz.

13



